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Abstract
Hyperuniformity is evolving to become a unifying concept that can help classify and
characterize equilibrium and nonequilibrium states of matter. Therefore, understanding the
extent of hyperuniformity in dissipative systems is critical. Here, we study the dynamic
evolution of hyperuniformity in a driven dissipative colloidal system. We experimentally show
and numerically verify that the hyperuniformity of a colloidal crystal is robust against various
lattice imperfections and environmental perturbations. This robustness even manifests during
crystal disassembly as the system switches between strong (class I), logarithmic (class II),
weak (class III), and non-hyperuniform states. To aid analyses, we developed a comprehensive
computational toolbox, enabling real-time characterization of hyperuniformity in real- and
reciprocal-spaces together with the evolution of several order metric features, and
measurements showing the effect of external perturbations on the spatiotemporal distribution
of the particles. Our !ndings provide a new framework to understand the basic principles that
drive a dissipative system to a hyperuniform state.

Keywords: hyperuniform, driven dissipative, colloidal system, real-time analysis

S Supplementary material for this article is available online

(Some !gures may appear in colour only in the online journal)

1. Introduction

Hyperuniformity has emerged as a powerful concept that pro-
vides a metric to characterize and quantify the orderliness of a
given system [1, 2]. One of its seminal !ndings is the anoma-
lous suppression of density "uctuations at in!nite wavelengths
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for certain statistically isotropic systems, similar to perfect
crystals albeit without Bragg peaks [1, 2]. This !nding led to
rapidly growing research efforts on the investigation of hyper-
uniformity in different physical systems [3–14], the controlled
formation of hyperuniform structures [15–17], and fabrica-
tion of lasers, optical and photonic devices using hyperuniform
materials [18–23].

A large body of work studied the hyperuniformity of equi-
librium systems in the past two decades. A comprehensive
review can be found in reference [2]. In contrast, studies on
nonequilibrium systems started merely a few years ago to
address a basic question: what are the dynamics that drive a
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Figure 1. (a) A representative schematic of the experimental setup. The extended schematic on the right shows the formation of a cavitation
bubble and the Marangoni "ows when the laser is on. Dragged particles are shown to self-assemble at the bubble boundary. (b) Microscope
images show self-assembled hexagonal crystal formed at the bubble boundary when the laser is on (left), disassembled when the laser is off
(right). The images denote the start and the end frames of the analyses presented in this study.

dissipative system to a hyperuniform state? This open ques-
tion stirred much interest to study hyperuniformity in sev-
eral experimental and theoretical model systems ranging from
glass forming and jammed systems [6, 7, 24–27] to driven
and diffusive ones [28–34], systems with active particles and
"uid states [35–38], self-organizing systems and many more
[2, 39, 40].

The majority of these studies associated the emergence,
evolution, or disappearance of hyperuniformity to a similar
set of dynamics common to different model systems. These
dynamics include but are not limited to the presence of diverse
sources of noise, "uctuations, imperfections, perturbations,
external !elds, and many-body interactions [2, 6, 7, 24–40].
Discovering such commonalities is signi!cant and further
strengthen the idea of hyperuniformity becoming a unifying
concept. However, such uni!cation of many physically dif-
ferent systems under the hyperuniformity concept calls for a
general theoretical framework, which is still in its infancy [2].
Further research on new model systems with distinct internal
dynamics will surely accelerate its development.

Here, we show the dynamic evolution of hyperuniformity
in a unique driven dissipative model system [41–44] dur-
ing the disassembly of a colloidal crystal. We experimentally

show and numerically verify that the system switches between
strong (class I), logarithmic (class II), weak (class III), and
non-hyperuniform states. Importantly, we show that the hype-
runiformity is preserved even long after the external energy
input has been removed from the system. We postulate that
the internal feedback mechanisms present in our driven dissi-
pative system are responsible for the long-lived hyperunifor-
mity despite varying degrees of lattice imperfections, noise,
"uctuations, random vectorial "uid "ows, and structural inho-
mogeneities that continuously perturb the system. We further
present real-time analysis of all these effects on our system’s
hyperuniformity via a unique computational toolbox.

2. Experiments and the computational toolbox

2.1. Experiments

The experimental system is the same as in references [41, 42],
where detailed explanations are provided on the setup and
its operational dynamics. As can be seen from !gure 1(a),
the setup consists of a femtosecond laser (Spectra-Physics,
Spirit One 1040-8-SHG, 1040 nm wavelength, 1 MHz pulse
repetition frequency, and ∼6 µm spot size) coupled to an
inverted microscope (Nikon, Eclipse Ti-U). The experiments
are performed on a quasi-2D-con!ned, monodispersed pure
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polystyrene spheres (1 µm in diameter) suspended in water
(2 wt%, microparticles GmbH). Experiments are recorded
using a CMOS camera (DCC1645C-HQ, Thorlabs) with
1280 × 1024 pixels and a rate of 15 frames per second. A blue
LED is used for imaging illumination.

As detailed in references [41, 42], initially, the system
has a statistically isotropic distribution of Brownian particles.
Upon turning on the laser, a cavitation bubble forms along
with laser-induced Marangoni "ows, which drag the particles
towards their aggregation at the bubble boundary (!gure 1(b),
left). Turning off the laser stops the drag "ow, and particles
disassemble back into the system, eventually relaxing to an
isotropic distribution (!gure 1(b), right).

Thirty experiments have been performed for this study.
Although we con!rmed our central claims for all exper-
imental video recordings, combining these experiments to
provide ensemble averaging of speci!c quantities such as
number variance was not possible because each experi-
ment is necessarily different as neither the sequence nor
the exact location of lattice imperfections or external per-
turbations can be repeated in this strongly stochastic sys-
tem. Nonetheless, the evolution of hyperuniformity from class
I to class II, class III, and non-hyperuniform states was
observed and quanti!ed for each experiment. Due to the
sheer amount of data, we cannot provide the results of all
experiments here. Therefore, we present our analyses over
one experimental video, which can be viewed from video
1 (https://stacks.iop.org/JPCM/33/304002/mmedia). We fur-
ther offer appendix !gure 11 and appendix table 3 that show
the same analysis as in !gure 3 performed on a different
experiment.

Video 1 is divided into four parts since camera recording
stops automatically upon hitting the !le size limit of 4 GB.
The original recording of ∼1 h is sped up 15 times to reduce
the duration to roughly 4 min. The experimentalist immedi-
ately starts recording a new video with roughly 20 s of data
acquisition gaps between each part.

The !rst part of the video shows the formation of a nearly
perfect hexagonal crystal at a cavitation bubble boundary.
The red square frame in the video (orange square frame in
!gure 2(b)) indicates the !eld of view (720 × 720 pixels)
where we perform our analyses. The analyses start at t = 6.5
min (frame # 5850) (!gure 1(b), left), and end at t = 68.3
min (frame # 61425) (!gure 1(b), right). The laser position is
denoted in !gure 1(b), left.

As can be seen from the video, the system is highly
dynamic. Particles never stop their motion even when they
are embedded into the crystal. In part 2, the experimentalist
turns off the laser, and the crystal disassembles. As will be
discussed in section 3, during this disassembly, various lattice
imperfections such as line and point defects, dislocations,
and voids emerge, propagate, and annihilate because physi-
cal boundaries change (e.g., bubbles shrink and vanish), addi-
tional vectorial "uid "ows emerge, and the particles’ motions
increase. All these changes are re"ected in the spatiotemporal
distribution of the particles and the interparticle correlations.

Upon turning off the laser, crystal disassembly starts from
the lower corners of the !eld of view (!gure 4(b)) resulting

an inhomogeneous spatial and velocity distribution of parti-
cles. Particles at the lower corners move faster than those in
the middle and at the upper corners. Roughly at around t = 18
min (frame # 16229), half of the !eld of view is solid-like and
the other half is liquid-like (!gure 4(c)). Our analyses continue
in parts 3 and 4 of video 1 until t = 68.3 min (frame # 61425).

2.2. The computational toolbox

The system has relatively fast dynamics, and to assess their
effect on hyperuniformity we developed a computational tool-
box to perform real-time analysis on video 1. This toolbox
provides the simultaneous characterization of hyperuniformity
in real- and reciprocal-spaces together with the evolution of
several different order metrics and measurements showing the
effect of external perturbations on particle movements. On-
the-"y analyses of the experiments can be viewed from video
2, a logic map to these analyses is given in !gure 2(a), and
appendix !gure 12 shows a representative screen view of the
toolbox.

2.2.1. Particle detection. We start all our analyses with par-
ticle detection using an algorithm based on circular Hough
transform (CHT) [41, 42]. The !rst step is to enhance the
contrast of the input images (i.e., video frames) by adjust-
ing their grayscale level to be between two threshold values,
namely, the brightness of the particles (high-level threshold)
and that of the background (low-level threshold). This way,
the dynamic range of the input images is increased, and back-
ground noise is !ltered out. The next step is to apply a mor-
phological dilation operator with a disk-shaped (also called the
rolling ball) structuring element that enhances particles’ circu-
lar shape and enlarges them to increase the detection accuracy.
The !nal step is to apply CHT in Matlab using the native com-
mand ‘im!ndcircles’ to generate the detected particles’ cen-
tre coordinates. Appendix !gure 13 shows the results of these
detection steps for three arbitrarily chosen video frames.

We optimize the CHT parameters to increase the detection
accuracy, namely, we adjust the search range radius of the cir-
cles, detection sensitivity, and edge threshold. To set optimal
values of these parameters for full frame-span, the detection
accuracy is veri!ed initially by running it over a number of ran-
domly selected frames. Then accurate detection is con!rmed
with the output analysis video that is generated for each input
video. These parameters need to be optimized only once for
any set of experimental video recordings that share similar
imaging conditions (i.e., particle size, imaging objective, and
illumination conditions).

After the particle detection step, we perform an analysis of
Fourier- and reciprocal-space, dynamic Lindemann parameter,
and packing fraction to characterize the system’s orderliness.
The effect of external perturbations on the spatiotemporal dis-
tribution of the particles are monitored through particle speed
and velocity maps. The system’s hyperuniformity is analysed
using local and scaled number variance curves and the static
structure factor calculations. Furthermore, we show two alter-
native number-variance calculations, namely, sampling of the
real-space using circular observation windows with varying
radii (!gure 2(b)), and directly from the power spectrum.
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Figure 2. (a) A logic map of the computational toolbox developed for real-time analyses. (b) The size and position of the !eld of view and
sampling area are marked on a microscope image. The red dots within the sampling area represents the centres of the circular observation
windows with different radii.

Video 2 screen is divided into 3 by 3 windows (appendix
!gure 12). The !rst window at the top row shows frame-by-
frame experimental images within the designated !eld of view
shown in video 1 and !gure 2(b). Time and frame numbers
written at the top of this window match those in video 1.

2.2.2. Dynamic Lindemann parameter map. The second
window at the top row of video 2 and appendix !gure 12 is
the dynamic Lindemann parameter Li (t) [41, 45, 46], which
gives a local measure for interparticle distances through

Li (t) =

√
〈ri (t)2〉 − 〈ri (t)〉2

〈ri (t)〉 , (1)

where 〈ri (t)〉 is the average distance between particles, i, and
its neighbouring particles. The averages can be calculated by

〈ri (t)〉 =
∑Ni(t)

j ri j

Ni(t)−1 , where Ni (t) is the total number of particles
in the scan area of the particle i (i.e., the circular region with a
radius of 2.8 times the particle radius surrounding the particle
i), including the particle i itself. j is an integer index scanning
over all neighbouring particles.

Values of the dynamic Lindemann parameter per particle lie
between 0 and 1, which are also colour-coded.Particles that are
distant and independent of each other, similar to the gaseous
state, are coloured red, Li (t) = 1. Particles are coloured blue if
their neighbouring particles are at their close-packing arrange-
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Figure 3. (a) Time-lapse microscope images show the changes in particle con!guration while the crystal is disassembling. The image
frames are coloured according to their hyperuniformity state as indicated in the colour-bar. (b) Local and (c) scaled number variance graphs
measured through real-space sampling. The curves are coloured according to their hyperuniformity state as indicated in the colour-bar.
Graph legends indicate the curve !tting functions.

ments, Li (t) ∼ 0, as in the solid-state. Particles coloured in
between are neither distant and independent of each other,
nor they are close-packed, 0 < Li (t) < 1, similar to the liq-
uid state or, e.g., particles at the grain boundaries [41]. The
colour map of the dynamic Lindemann parameter gives a visu-
alization of the particles’ spatial correlations and clearly shows
the position and propagation of various lattice imperfections
frame-by-frame.

2.2.3. Packing fraction. The last window at the top row
of video 2 and appendix !gure 12 is the packing fraction,
φ, which is calculated through Voronoi cell analysis using
[47, 48]

φ =
Ntotalπ

(
D
2

)2

A
, (2)

where N total is the total number of particles, D is the average
particle diameter, and A is the aggregate area calculated using
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Figure 4. Microscope images (1st column), dynamic Lindemann parameter map (2nd column), local (3rd column) and scaled (4th column)
number variance graphs obtained from reciprocal- (purple squares) and real-space (black dots) calculations show the effect of (a) various lattice
imperfections, (b) small and (c) large inhomogeneities, (d) and statistically isotropic particle distribution on the system’s hyperuniformity.
The orange arrow shown in (b) points to the corner at which the crystal start disassembling. The orange dashed line shown in (c) arti!cially
separates the two regions with solid- and liquid-like con!gurations. Graph legends indicate the curve !tting functions. Insets are Fourier and
reciprocal space images of the corresponding number variance curves.

the Voronoi diagram. The calculation of A is performed using
Matlab function ‘voronoin’, then adding up the areas of the
inner Voronoi polygons. A plot showing time evolution of the
packing fraction can be seen in appendix !gure 14.

2.2.4. Particle speed and velocity maps. Our !rst step was
to optimize the detection and tracking accuracy by analysing
the experimental videos recorded with different frame rates.

We then chose a suf!ciently high frame rate such that no
particle can move more than its radius between two consecu-
tive frames.

The !rst two windows at the second row of video 2 and
appendix !gure 12 show the particle speed and velocity maps,
which strikingly visualize the effect of environmental pertur-
bations on their spatiotemporal distribution. As detailed in
section 2.2.1, we !rst detect each particle frame-by-frame,
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Table 1. Best-!t function and !tting parameters of the real- and reciprocal-space number variance curves are provided for each frame presented in !gures 3–10.

Time Frame # # Particles
Real-space Reciprocal-space

Best !tting function R-squared value RMSE Best !tting function R-squared value RMSE

Figure 3 6.9 min 6177 2105 0.526R 0.629 1.02 0.570R ln(R) 0.987 0.407
9.6 min 8607 2027 0.602R 0.844 0.610 0.760R ln(R) 0.984 0.663
26.5 min 23858 1262 0.523R2 0.991 1.53 0.896R ln(R) 0.991 0.585
27.7 min 24886 1028 1.06R ln(R) 0.997 0.352 1.31R ln(R) 0.994 0.707
28.5 min 25617 1016 1.08R 0.975 0.406 1.02R ln(R) 0.996 0.428
32 min 28767 963 0.755R ln(R) 0.996 0.310 0.988R ln(R) 0.998 0.278
34 min 30582 910 0.607R1.79 0.994 0.788 1.15R ln(R) 0.998 0.346
54.8 min 49346 657 0.718R2 0.968 4.16 0.441R1.86 0.999 0.146

Figure 4 9.4 min 8468 2028 0.614R 0.844 0.704 0.665R ln(R) 0.992 0.374
12 min 10839 1988 0.632R 0.818 0.790 0.392R1.93 0.998 0.386
16.6 min 14960 1710 0.0281R3.87 0.999 0.871 0.921R2 0.993 0.234
27.2 min 24478 1045 0.679R ln(R) 0.967 0.750 0.909R ln(R) 0.994 0.439

Figure 5 (a) — 0.502R 0.471 1.25 0.502R 0.583 1.06
(b) — 0.487R 0.471 1.22 0.861R2.57 0.999 3.49
(c) — 0.0304R4.72 0.999 5.18 5.46R2.90 0.999 0.382
(d) — 0.488R 0.479 1.20 0.585R2.58 0.999 1.08
(e) — No !t — — 2.43R2.73 0.999 8.52
(f) — 0.380R3.92 0.999 8.96 5.25R3.15 0.999 60.1

Figure 6 (a) Leftmost — 0.360R3.27 0.999 4.21 0.620R 0.659 0.814
Middle — 0.008 70R4.22 0.999 0.772 1.06R2 0.991 3.23
Rightmost — 0.305R 0.555 0.646 0.297R 0.889 0.259

(b) Leftmost — 0.333R3.23 0.999 3.96 0.633R 0.719 0.747
Middle — 0.003 95R4.37 0.999 0.611 0.846R2 0.990 2.73
Rightmost — 0.342R 0.943 0.206 0.358R 0.962 0.188

(c) Leftmost — 2.01R3.30 0.999 26.0 No !t — —
Middle — 0.0406R4.32 0.999 2.24 3.14R2.24 0.994 13.8
Rightmost — 0.562R2 0.984 2.21 0.353R2 0.998 0.518

Figure 7 10.3 min 9258 2018 0.612R 0.839 0.686 0.292R1.93 0.998 0.327
10.3 min 9259 2014 0.591R 0.864 0.602 0.827R ln(R) 0.988 0.720
10.3 min 9265 2015 0.607R 0.838 0.679 0.771R ln(R) 0.986 0.641

Figure 8 8.9 min 7967 2112 0.519R 0.580 1.08 0.540R ln(R) 0.984 0.430
9.1 min 8006 1936 0.0157R3.5 0.996 0.921 0.426R2.03 0.998 0.630
9.1 min 8145 2025 0.340R ln(R) 0.894 0.711 0.799R ln(R) 0.988 0.593

Figure 10 28 min 25184 1024 0.903R 0.961 0.492 0.816R ln(R) 0.999 0.169
(b) — 0.258R + 0.0626R ln(R) 0.993 0.0842 0.289R + 0.043R ln(R)+0.009R2 0.999 0.0210
(c) — 0.840R−0.722 0.988 0.211 0.962R ln(R) 0.989 0.676
(d) — 0.824R + 0.118R ln(R) 0.956 0.593 0.696R ln(R) 0.998 0.196
(e) — 1.06R ln(R) 0.997 0.359 0.993R ln(R) 0.997 0.380
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Table 2. Best-!t function and !tting parameters of the real- and reciprocal-space number variance curves are provided for each frame
described in the text, but not shown in the !gures.

Time Frame # # Particles Real-space Reciprocal-space

Best !tting function R-squared value RMSE Best !tting function R-squared value RMSE

19.0 min 17060 1637 0.0355R3.75 0.999 0.790 0.537R2.18 0.997 1.28
20.0 min 18001 1552 0.0360R3.66 0.999 0.966 0.472R2 0.998 0.601
20.7 min 18660 1499 0.0500R3.50 0.999 0.601 0.594R1.8 0.996 0.704
21.3 min 19161 1467 0.0422R3.43 0.999 0.609 0.969R ln(R) 0.989 0.712
25.0 min 22506 1296 0.126R2.58 0.999 0.342 0.585R1.6 0.992 0.625
25.9 min 23350 1275 0.179R2.43 0.999 0.415 0.797R ln(R) 0.998 0.242
35.9 min 32330 898 0.498R1.71 0.991 0.703 0.526R1.7 0.997 0.402
37.6 min 33827 873 0.405R + 0.254R ln(R) 0.997 0.150 0.414R1.8 0.999 0.170
38.0 min 34228 865 0.699R ln(R) 0.988 0.493 1.06R ln(R) 0.998 0.263
43.4 min 39044 788 0.617R1.7 0.997 0.441 0.593R1.75 0.997 0.502
43.7 min 39368 787 0.592R2 0.986 2.12 0.624R1.6 0.996 0.447
43.8 min 39440 786 0.250R2.38 0.999 0.444 0.396R1.94 0.999 0.291
62.6 min 56329 616 0.0206R3.38 0.984 1.69 0.512R2 0.998 0.571
62.8 min 56556 589 0.136R2.87 0.999 0.944 0.579R1.8 0.998 0.412
63.2 min 56848 587 0.139R3.04 0.999 0.806 0.905R ln(R) 0.991 0.587
64.5 min 58056 575 0.0992R3.02 0.999 0.415 0.721R1.87 0.998 0.719
65.7 min 59110 567 0.0618R3.08 0.999 0.708 1.30R ln(R) 0.997 0.499
66.4 min 59725 554 0.0830R2.92 0.994 1.45 0.567R1.88 0.997 0.685
66.9 min 60207 545 0.0519R3.12 0.996 1.23 0.649R1.8 0.998 0.546
68.3 min 61425 526 0.892R1.23(2 ! R ! 6) 0.988 0.200 0.702R1.88 0.997 0.853
— — — 0.006 29R3.89(6 ! R ! 10) 0.997 0.625 — — —

video 1(frame # 39440)

FOV # Particles Length (pixel) Real-space Reciprocal-space
Best !tting function R-squared value RMSE Best !tting function R-squared value RMSE

F0 200 360 — — — 0.995R 0.954 0.598
F1 207 360 — — — 1.25R ln(R) 0.999 0.255
F2 228 360 — — — 0.867R ln(R) 0.999 0.0925

720 680 0.652R2 0.993 1.60 0.432R1.82 0.999 0.146
786 720 0.250R2.38 0.999 0.444 0.396R1.94 0.999 0.291
958 800 0.222R2.36 0.999 0.299 0.382R1.92 0.999 0.124
1360 970 0.416R2 0.994 0.958 0.409R2 0.999 0.402

which gives us their positional x- and y-coordinates. The coor-
dinates are then fed to a nearest neighbour search algorithm
to trace the particles and compute their speed and velocities.
For each particle in a given frame, we !nd the closest neigh-
bouring particle in the previous frame and calculate the dis-
placement of their centres via Matlab’s kth-nearest neighbour
search algorithm for k = 1.

We exclude the particles near the edges within a margin
equal to the particle diameter to avoid particle detection and
tracking errors near the edges of the !eld of view. Particle
velocities are computed by multiplying their displacements by
the frame rate.

Similar to the dynamic Lindemann parameter map, the
speed map is also colour-coded between blue and red to
visualize the slowest (blue) and fastest (red) moving particles.

2.2.5. Fourier and reciprocal space images. The last win-
dow at the second row of video 2 and appendix !gure 12
shows Fourier- and reciprocal-space images to visually assess
the system’s structural symmetry frame-by-frame. The Fourier
image is the absolute value of 2D fast-Fourier-transform (FFT)

of the real image. The reciprocal-space image is calculated
using FFT on the point distribution, corresponding to detected
particle positions in the real image.

2.2.6. Hyperuniformity characterization. The last row of
video 2 and appendix !gure 12 shows hyperuniformity charac-
terization through local and scaled number variances and static
structure factor calculations.

We used monodispersed hard-sphere particles with identi-
cal diameters (1 µm on average). Naturally, the system can be
treated as a point con!guration, and hyperuniformity can be
assessed from the number variance [2, 6]. However, we addi-
tionally calculate the volume fraction variance since our sys-
tem comprises colloidal particles suspended in water and can
be regarded as a two-phase system. The volume fraction vari-
ance analyses are provided in the appendix !gure 15, which
do not contradict our claims on hyperuniformity based on the
number variance analyses.

We calculate the number variance from both real-space and
reciprocal-space (i.e., the power spectrum). The two methods
are performed simultaneously over the same !eld of view with
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a !xed size (720 × 720 pixels) and position throughout the
experimental video.

For real-space analysis, we choose half of the !eld of
view (360 × 360 pixels) as the sampling region (!gure 2(b)),
which is sampled by a series of circular observation windows
with varying radii (0.1 ! R ! 10) [6]. We particularly choose
circular windows as the hyperuniformity measurements are
shown to be affected by the geometry of observation windows
and that the circular windows are preferred to simplify the
calculations [2, 49].

Centres of the observation windows are randomly dis-
tributed within this sampling region (indicated by the red dots
in !gure 2(b)). The number of windows is !xed to be 2500
for each R value. We use the same centres for all radii for one
frame. We also tried number variance calculations with a dif-
ferent number of windows for each R value, the lowest being
50 and the highest 10 000, which did not signi!cantly change
our results (data not shown).

Next, we count the number of particles, N, within each
observation window as a function of its radius, R, in two-
dimensional space. Lastly, for each R value, we calculate the
variance of the particle count over all the observation windows,
which generates the local number variance σ2

N(R) as a function
of R, where R is in the unit of average particle diameter (1 µm):

σ2
N (R) ≡ 〈N2 (R)〉 − 〈N(R)2〉. (3)

For reciprocal-space analysis, we compute the local number
variance from the structure factor using [2]

σ2
N (R) = 2ρπR2

∫ ∞

0
S (k)

J1
2 (kR)
k

dk, (4)

where ρ is the number density, k is the wavenumber, S (k) is the
static structure factor, and J1 is the !rst-order Bessel function
of the !rst kind. To calculate the scaled number variance, we
scaled the local number variance with the window surface area
using σ2

N (R) /R2.
S(k) is calculated by taking the angular average of the

reciprocal-space image. The !rst two values in the S(k) are
set equal to the third value to suppress the forward scatter-
ing. Suppression of the forward scattering (S (k) value tightly
close to k = 0) is a well-known procedure [6, 10, 50–52]. The
number variance measurement based on S (k) is already effec-
tively omitting the forward scattering because it is multiplied
by the wavenumber vector (4). However, S (k) is calculated by
angularly averaging the 2D reciprocal space that is represented
by an image, i.e., a discrete grid with side length L, which is
not always odd. Therefore, the forward scattering can show up
in the !rst two values of the S (k) (at k = 0 and k = 2π/L).

The forward scattering is expected to be expanding for more
than 1 pixel when the !eld of view is limited. The spectral
resolution is 1 pixel, so the forward scattering in 1D is expected
to in"uence the !rst two values within the spectral resolution’s
error range. We choose to omit forward scattering by smooth-
ing out that very limited central part, thus setting the !rst and
second values of the S (k) equal to the third value. However,

one should note that setting these values equal to zero is wrong
as it forces the system to approach hyperuniformity.

In appendix !gure 16 we provide numerical simulations in
1D of a periodic lattice, a Fibonacci quasicrystal, the eigen-
values of a single random matrix from a Gaussian unitary
ensemble (GUE), and uniform random distribution of points
along a line to ensure that such omission does not affect the
reciprocal-space number variance measurements. In appendix
!gure 17, we provide additional numerical simulations for a
2D square lattice. We add uncorrelated perturbations to each
point, forming the lattice with varying degrees, along with
a uniform random distribution. These numerical simulations
show that the omission technique does not affect the agree-
ment of real- and reciprocal-space local number variance mea-
surements in different 1D and 2D cases. These simulations
exhibit the correct behaviour for different hyperuniformity
states.

Two points have to be clari!ed for the local number vari-
ance graphs shown in video 2 and appendix !gure 12: !rst,
along with the experimental number variance curves (black
dots for real-space and purple squares for reciprocal-space
analyses), we show guide-curves that follow the expected
number variance for class I, σ2

N (R) ∼ R, class II, σ2
N (R) ∼

R ln (R), and non-hyperuniform, σ2
N (R) ∼R2, states.

Second, we are not normalizing our number variance curves
shown in video 2 and appendix !gure 12, because hyperunifor-
mity is analysed while the crystal is disassembling. Normaliza-
tion is structure-dependent and requires an order unity. This is
not always applicable here since the system switches from an
ordered to a disordered state during the experiment. A solu-
tion can be found by applying a !tting function to the number
variance curves calculated through real- and reciprocal-spaces.
Still then, it makes on-the-"y calculations prohibitively dif!-
cult and disproportionately increases the processing time for
a total of 61425 frames. Therefore, we separately provide the
!tting functions for each frame of interest in the graph leg-
ends of !gures 3, 4, 7, 8 and 10, and in table 1 with R-squared
and root-mean squared-error (rmse) values. We also prepared
table 2, providing the same information for each frame dis-
cussed in the paper but not shown in the !gures.

The !tting functions are generated via the native least-
square method-based curve !tting toolbox of Matlab. We
assigned a hyperuniformity class to each structure by compar-
ing the R-squared values of different !tting options. When the
error values are close to each other (difference < 0.02), we
choose the single parameter !t function. Small values of win-
dow radii are omitted when !tting the local number variance
data, which is applied only to 2 ! R ! 10.

On a !nal note, while our real- and reciprocal-space anal-
yses indicate disordered hyperuniformity when the crystal is
disassembled, the corresponding static structure factor calcu-
lations at in!nite wavelengths remain nonzero, S (k → 0) > 0.
In section 3.6 we discuss this issue and conclude that in a !nite-
sized experimental system with relatively fast dynamics, S (k),
by itself, cannot reliably diagnose the hyperuniformity.

9



J. Phys.: Condens. Matter 33 (2021) 304002 Ü S Nizam et al

3. Results and discussion

Figure 3 shows the dynamic evolution of hyperuniformity of a
disassembling hexagonal colloidal crystal. Time-lapse micro-
scope images of the system are given in !gure 3(a). Corre-
sponding local, σ2

N (R), and scaled, σ2
N (R) /R2, number vari-

ance graphs calculated by the sampling of the real-space via
circular observation windows are shown in !gures 3(b) and
(c), respectively. Different hyperuniformity classes are colour-
coded. Dark red indicates strong hyperuniformity (class I)
where number variance grows linearly as the window radius,
σ2

N (R) ∼R. Dark blue indicates a non-hyperuniform state
where number variance scales with the window surface area
for two-dimensional space, σ2

N (R) ∼R2. Shades of yellow-
red denote logarithmic hyperuniformity (class II), where
number variance grows logarithmically with the window
radius, σ2

N (R) ∼ R ln (R). Shades of green-blue indicate weak
hyperuniformity (class III), where the number variance scales
differently with the window surface area (less than the dimen-
sion of the system by α), σ2

N (R) ∼R2−α.

3.1. Class I hyperuniformity when the laser is on

The system starts from a strong hyperuniform state (class I)
for an almost perfect hexagonal crystal with only a few lat-
tice imperfections (!gure 3(a) and video 2, t = 6.9 min frame
# 6177). Corresponding number variance curve shown in
!gure 3(b) grows linearly as the window radius, σ2

N (R) ∼
R, and scaled number variance (!gure 3(c)) approaches zero
while oscillating. On the other hand, !tting parameters given
in table 1 indicate that the number variance curve calculated
from the reciprocal-space behaves logarithmically, σ2

N (R) ∼
R ln (R), pointing to a class II hyperuniform state. The rea-
son is discussed in sections 3.2–3.5 with the aid of !gures
4–9. We conclude that any lattice imperfections or inhomo-
geneities that break the system’s periodicity will show up in
the reciprocal-space calculations. Corresponding Fourier- and
reciprocal-space images and the static structure factor con!rm
the periodic lattice con!guration by the presence of intense
Bragg peaks (video 2 and appendix !gure 18).

3.2. Switching between class I, class II, and
non-hyperuniform states when the laser is off

Video 2 shows persistent hyperuniformity of the crystal until
t = 8.9 min frame # 7967 at which the laser is turned off.
Right at this moment, the lattice suddenly relaxes, interparti-
cle distances grow, and several lattice imperfections emerge
and propagate, as clearly seen from the dynamic Linde-
mann parameter map of !gure 4(a) and video 2. This is also
re"ected in the packing fraction graph of video 2 and appendix
!gure 14 with a sudden drop from φ ∼ 0.84 to ∼0.78, which
brie"y recovers to ∼ 0.81, but continues to drop since the
crystal is disassembling. There are three gaps in this graph,
corresponding to the gaps in data acquisition, as discussed in
section 2.1.

The underlying cause of the emergent lattice imperfections
is strikingly visual in the particle speed and velocity maps.
The formation of vectorial "ows in various directions results

in increased activity in particle displacement and speed pro-
!les. As will be discussed in section 3.5 with the aid of !gures
7–9, despite such strong perturbations, the lattice’s overall
periodicity is preserved, which is con!rmed via Fourier image
and power spectrum analyses shown in video 2 and appendix
!gure 18.

As a result of these vectorial "ows, hyperuniformity is
temporarily lost (video 2 and !gures 7 and 8) as the density
"uctuations scale with the window surface area and the tail
of the scaled number variance curve "attens (converges to a
nonzero value) for large window radii (R > 6). The hyperuni-
formity is recovered shortly (9 < t < 11 min), where real- and
reciprocal-space analyses point to class I and class II hype-
runiform states, respectively. Representative curves for t =
9.6 min (frame # 8607) are given in !gures 3(b) and (c) with
their !tting parameters in table 1. Corresponding Fourier- and
reciprocal-space images and the structure factor in appendix
!gure 18.

At around t = 11 min of video 2, it is seen that the crys-
tal disassembles starting !rst from the lower-left then the
lower-right corners, which is also shown in !gure 4(b). This
is also evident in the particle speed and velocity maps.

3.3. Peculiar density fluctuations at real- and
reciprocal-space analyses in the presence of
inhomogeneities

The peculiarities in density "uctuations start around t = 12
min. Real-space calculations indicate a class I hyperunifor-
mity, σ2

N (R) ∼R, until t = 14 min whereas reciprocal-space
calculations point to a non-hyperuniform state, σ2

N (R) ∼ R2.
At around t = 17 min half of the !eld of view is solid-
like, the other half is liquid-like (video 2 and !gure 4(c)). As
expected, such a signi!cant inhomogeneity in spatial particle
distribution results in a complete loss of hyperuniformity in
both number variance calculations. The inhomogeneities are
also re"ected in the Fourier- and reciprocal-space images with
the emergence of additional but weaker peaks (insets of !gure
4(c)).

We performed numerical simulations to clarify the effect
of inhomogeneities on hyperuniformity. Figure 5(a) shows the
scaled number variance graph of a perfect hexagonal crystal
formed by white disks tiling the entire !eld of view. We intro-
duce voids starting from the corners by removing several disks
(!gure 5(b)). This action does not affect the number variance
calculated through real-space sampling. However, reciprocal-
space calculations are immediately affected by this action and
show complete loss of hyperuniformity.

The reason for this disagreement is purely geometrical.
The observation windows are circular, and the !eld of view
is square (!gure 2(b)). These windows cannot sample the cor-
ners of the !eld of view. Consequently, they do not ‘see’ the
voids unless they are extended towards the sampling region
(!gure 5(c), red square). In contrast, the reciprocal-space
calculations immediately detect these voids and loses hype-
runiformity since the Fourier calculation effectively projects
the real-space onto a torus where the voids overlap and create
a large space devoid of white disks.
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Figure 5. Numerical simulations show the effect of inhomogeneities on the system’s hyperuniformity. (a) A hexagonal lattice formed by
white disks tiling the entire !eld of view. (b) Black areas denote voids created by removing several white disks from the corners of the !eld
of view. (c) Corner voids are extended into the sampling region. (d) The black line on the left is a void created by removing several white
disks. (e) The thickness of the black line is increased towards the right of the !eld of view. (f) The black line is extended into the sampling
region. Corresponding scaled number variance graphs are obtained from reciprocal- (purple squares) and real-space (black dots)
calculations. Graph legends indicate the curve !tting functions.

Figure 5(d) shows a line version of the arti!cial lattice
imperfections directly detected by the reciprocal-space cal-
culations. In contrast, the real-space number variance curve
is unaffected by it despite the observation windows having
large radii that can sample from the sides of the !eld of view
and ‘see’ this relatively thin black line (!gure 2(b)). However,
the line is not sampled by the majority of the windows, and
statistically, this imperfection has a negligible effect on the
number variance calculations. If we increase the thickness of
this line (!gure 5(e)) real-space calculations also lose hyper-
uniformity for large window radii, R > 8. Further increase of
the line thickness (!gure 5(f)) results in a complete loss of
hyperuniformity for real- and reciprocal-space calculations.

The system regains its hyperuniformity at around t = 27
min once the particles are distributed isotopically throughout
the system (!gure 4(d)). Real- and reciprocal-space calcula-
tions both point to the logarithmic, or class II hyperuniformity.
Representative number variance curves for t = 27.7 min (frame
# 24886) are given in !gures 3(b) and (c), and the !tting param-
eters in table 1. Corresponding Fourier- and reciprocal-space
images and the structure factor in appendix !gure 18. How-
ever, before this happens, video 2 and tables 1 and 2 show an
early recovery of hyperuniformity for the reciprocal-space cal-
culations starting at around t ∼ 20 min. Although interparticle
distances are clearly non-uniform during 19 < t < 27 min, the
power spectrum number variance calculations detect an overall
degree of order in the system.
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Figure 6. Numerical simulations show the in"uence of mixing con!gurations on the hyperuniformity. (a) Two hexagonal lattices formed
by white disks with different interparticle distances tiling the two halves of the !eld of view (left). The lattice on the right is extended
towards the left of the !eld of view (middle). The !eld of view is !lled with a single hexagonal lattice (right). (b) A hexagonal lattice and a
stealthy hyperuniform structure formed by white disks tiling the two halves of the !eld of view (left). The stealthy hyperuniform structure is
extended towards the left (middle). The !eld of view is !lled with the stealthy hyperuniform structure (right). (c) A hexagonal lattice and a
disordered non-hyperuniform con!guration formed by white disks are shown in the two halves of the !eld of view (left). The disordered non-
hyperuniform con!guration is extended towards the left (middle). The !eld of view is !lled with disordered non-hyperuniform con!guration
(right). Corresponding scaled number variance graphs are obtained from reciprocal-(purple squares) and real-space (black dots) measurements.
Graph legends indicate the curve !tting functions.
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Figure 7. Time-lapse microscope images show a shrinking bubble boundary between (a) and (b), which creates a short-lived elastic vectorial
"uid "ow that terminates at (c). The vectorial "ow is visualized on the particle speed and velocity maps shown in the 2nd row. Corresponding
local (3rd row) and scaled (4th row) number variance graphs are obtained from reciprocal- (purple squares) and real-space (black dots)
measurements. Graph legends indicate the curve !tting functions.

In order to verify this, we performed three numerical sim-
ulations where the !eld of view is divided into two halves.
First, both halves are tiled with hexagonal lattices with dif-
ferent interparticle distances (!gure 6(a)). Second, one half is
tiled with a hexagonal lattice and the other with a disordered
stealthy hyperuniform con!guration (!gure 6(b)). Third, one
half is tiled with a hexagonal lattice and the other with a disor-
dered non-hyperuniform con!guration (!gure 6(c)). Then, the
area occupied by the right-hand-side con!guration is advanced
towards the left-hand-side and eventually !lls the entire !eld
of view.

In the !rst simulation, real- and reciprocal-space cal-
culations point to non-hyperuniform and strongly hyper-
uniform con!gurations, respectively (!gure 6(a), left). As
expected, only the reciprocal-space calculations successfully
detected the orderliness of the two halves and con!rmed the
multi-hyperuniformity of the overall con!guration. However,
when the areas occupied by the two halves are not equal,

in other words if the density variations are large, reciprocal-
space calculations also indicate a non-hyperuniformbehaviour
(!gure 6(a), middle). This is similar to the strong inhomogene-
ity case shown in !gure 4(c). When a single hexagonal lattice
fully occupied the !eld of view, both calculations point to a
strong, class I hyperuniform state (!gure 6(a), right).

The second simulation also con!rms these observations
with two periodic con!gurations (!gure 6(b)). The third sim-
ulation further veri!es that if one half of the !eld of view
is !lled with a non-periodic, non-hyperuniform con!guration,
then both calculations point to a non-hyperuniform state at all
times (!gure 6(c)). In light of these simulations and the power
spectrum analyses shown in video 2, we conclude that the
particle con!gurations at 19 < t < 27 min are indeed ordered
despite the apparent non-uniform interparticle distances with
small density variations.
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Figure 8. Time-lapse microscope images show a long-lived nonelastic vectorial "uid "ow between (a) and (b) that terminates at (c). The
vectorial "ow is visualized on the particle speed and velocity maps shown in the 2nd row. Corresponding local (3rd row) and scaled (4th row)
number variance graphs are obtained from reciprocal- (purple squares) and real-space (black dots) measurements. Graph legends indicate
the curve !tting functions.

The conclusion drawn from this sub-section is that real- and
reciprocal-space number variance calculations are both neces-
sary and complementary to each other to correctly ascertain
the hyperuniformity of a driven dissipative system.

3.4. Oscillations between class II, class III, and
non-hyperuniform states for a disordered configuration

Once the system reaches a statistically isotropic particle distri-
bution, real-space calculations show a brief class I behaviour
(at t = 28.5 min frame # 25617), then switch to class II (at
t = 32 min frame # 28767) and class III (at t = 34 min frame #
30582) hyperuniform states. Finally, after t = 43.7 min, real-
space calculations indicate an irrecoverable non-hyperuniform
state as the particles are distancing from each other (tables 1
and 2). Also, we suspected that there is an insuf!cient number
of particles within the !eld of view to perform reliable real-
space hyperuniformity analyses. To test this, we changed the
size of our !eld of view (FOV) for the particle con!gurations

observed at time t = 43.8 min and frame # 39440 (appendix
!gure 19(a)). The original FOV size is changed from 720 ×
720 pixels to a smaller FOV with 680 × 680 pixels and larger
FOVs with 800 × 800 and 970 × 970 pixels. The sampling
region is kept constant at Rmax = 10 µm. Real- and reciprocal-
space number variance analyses are presented in table 2, which
shows even if the number of particles are increased twice for
the FOV size of 970 × 970 pixels, real-space measurements
points to the non-hyperuniform con!guration.

In addition to the real-space measurements, we also tested
the accuracy of our reciprocal-space measurements. We further
divided the original FOV to four nonintersecting FOVs with
360 × 360 pixels (appendix !gure 19(b)). We measured the
reciprocal-space number variance in the quadrants shown in
appendix !gure 19(b) for Rmax > 10 µm, which corresponds to
approximately half of the side length. The results provided in
table 2 show that the FOV sizes larger than the original FOV do
not signi!cantly change the reciprocal-space number variance
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Figure 9. Particle trajectories under (a) elastic "uid "ows shown in !gure 7, and (b) nonelastic "uid "ows shown in !gure 8. The initial
coordinates of the particles are denoted by circles. All the particles in the !eld of view are tracked within the frame range of 9258–9265 in
(a), but 500 randomly chosen particles are tracked within the frame range of 7967–8145 (b) to simplify an otherwise too crowded image.

measurements. However, the FOV sizes much smaller than the
original FOV leads to arti!cial class I or class II hyperuni-
form states for reciprocal-space measurements. Therefore, we
conclude that our original FOV size is suf!cient to draw
reliable conclusions from the reciprocal-space measurements.

A temporary loss of hyperuniformity for reciprocal-space
calculations between 32.4 < t < 32.7 min (frames 29202 to
29451) is due to the detection error for particles at the upper
corner of the !eld of view, which temporarily appear darker
with respect to the others. This error can be seen through the
dynamic Lindemann parameter map. We note that this frame
span is the only such incident throughout video 2. We further
note that in !gures 4–6, and tables 1 and 2, the density "uctu-
ations scale as σ2

N (R) ∼Rx with x > 2, only in the presence of
strong inhomogeneities in the system. This is because x = 2
equality only holds for homogenous particle con!guration in
two-dimensional space.

In contrast to real-space calculations, reciprocal-space
calculations continue to show oscillating hyperuniformity
between class II and class III states until t ∼65 min, and after-
wards exhibit only class III hyperuniformity until the end of
the video (see !gures 3(a) and (b), and tables 1 and 2). This is
also re"ected in the power spectrum analysis shown in video
2, which indicates a relatively weak periodicity in the parti-
cle con!guration. To understand this, we analysed the initial
frames of the experimental video, right after the sample prepa-
ration step and before we turned on the laser for the !rst time.
We repeat this for several experiments. The results for the
experiment we report here are shown in the appendix !gure 20,
where the reciprocal-space image and the structure factor are
pointing at a random particle con!guration with no periodicity,
noticeably different than those seen at the end of video 2.

In our previous study [42], we studied the aggregation
mechanism of this particular system. We showed that various
interaction mechanisms speci!c to different particles (CdTe
quantum dots and polystyrene particles) and living organisms
(E. coli and M. luteus bacterial cells and yeast and human cells)
are negligible. In fact, the dominant mechanisms are hydrody-
namic and hard-sphere in origin. Therefore, we suspect that

the lingering hyperuniformity in this driven dissipative sys-
tem, long after the absence of an external energy source, may
be related to the mutual coupling of the particle positions and
velocities with the "ow !elds.

3.5. Robust hyperuniformity against vectorial fluid flows

The hyperuniformity of the system is remarkably robust
against random vectorial "ows, which can be elastic or
nonelastic as well as short or long-lived. Figures 7 and 8
displays time-lapse microscope images during elastic and
nonelastic "ows, respectively. In elastic "ows, the particles
do not change their original positions (!gure 9(a)), while
nonelastic "ows sweep clusters of particles and change their
original positions (!gure 9(b)). New particles then replace
these empty sites. Regardless of these differences, the system’s
hyperuniformity recovers once these "ows diminish.

A shrinking bubble boundary forms a short-lived vectorial
"uid "ow, which can be observed through the particle speed
and velocity maps shown in !gure 7 and video 2. Despite
the apparent inhomogeneities in particle speeds and velocities,
the number variance curves are not signi!cantly affected by
such "ow !elds. Similarly, prolonged vectorial "ows shown
in !gure 8 increase the density "uctuations, but then hype-
runiformity recovers once they vanish. The "ows shown in
these particular examples are representative of many similar
vectorial "ows seen throughout video 2. We believe that the
oscillations of the number variance curves observed through-
out video 2 are due to perturbations from such short-lived and
prolonged vectorial "ows.

The robustness of the system’s hyperuniformityagainst var-
ious external perturbations directly results from its internal
dynamics. As we explained in detail in references [41, 42],
the entire system is mutually coupled through intrinsic pos-
itive and negative feedback mechanisms. Fluid "ows change
the particle positions and velocities, and in return, rearrange-
ment of the particles modify the "ow !eld. This is why several
lattice imperfections emerge and propagate but do not signi!-
cantly change the lattice’s overall periodicity. Of course, there
are limits to such self-correction mechanisms since each
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Figure 10. The behaviour of nonzero structure factor at long wavelengths in a dissipative system. Dynamic Lindemann parameter maps (1st

column), scaled number variance graphs obtained from reciprocal- (purple squares) and real-space (black dots) measurements (2nd column),
and the static structure factor graphs (3 column) are provided for the experiment (a), numerically simulated stealthy hyperuniform structure
(b), with addition of only Brownian motion (c), with addition of only structural defects (d), with addition of Brownian motion and structural
defects (e). Scaled number variance graphs are obtained from reciprocal- (purple squares) and real-space (black dots) measurements. Graph
legends indicate the curve !tting functions.

con!guration has a !nite basin of attraction in the phase-
and real-space. Suf!ciently large spatiotemporal perturbations
may well recon!gure the entire system [41]. However, this is
not the case in the experiments provided here since the laser
was turned off and we have not actively modifying the system
dynamics as we previously did in references [41, 42].

3.6. Nonzero static structure factor value at infinite
wavelengths for disordered hyperuniform states

In the previous sub-sections, we provided evidence of sev-
eral hyperuniformity classes through real- and reciprocal-
space measurements. Although anomalous suppression of
density "uctuations is observed for disordered particle
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con!gurations, their structure factor values remain nonzero
at in!nite wavelengths, S (k → 0) > 0. This contradicts the
hyperuniformity description established for in!nitely large
systems, S (k → 0) ∼ kα [2].

Observation of a positive value for structure factor at long
wavelengths is not new; it has been reported previously for sev-
eral experimental systems [6, 26, 53]. It has been argued that
the !nite size of an experimental system prevents achieving
S (k → 0) ∼ 0, even when the system presents clear signatures
of hyperuniformity. Dreyfus et al came to the conclusion that
reciprocal-space measurements fail to diagnose the hyperuni-
formity of an experimental disordered jammed soft polydis-
perse particles, where real-space measurements are deemed
more reliable [6]. Berthier et al con!rmed the hyperuniformity
of a jammed packing of size-disperse spheres by looking at
the vanishing isothermal compressibility instead of the static
structure factor [26].

In addition to the !nite size effects, the effects of
!nite-resolution of particle positions, experimental and
measurement noise, imperfections in optical imaging, image
size restrictions, and size polydispersity are also pointed out
as dif!culties to diagnose the hyperuniformity of an experi-
mental system directly from structure factor analysis [6, 26].
Admittedly, all these effects limiting the potential of an exper-
imental system accessing to small k values are also present,
to some extent, in our experimental system, except size poly-
dispersity. However, unlike in previously reported cases, our
real- and reciprocal-space measurements mostly agree on this
particular system’s hyperuniformity. Earlier studies measure
hyperuniformity directly from the power spectrum. In addi-
tion to this, here we also provide the number variance of the
power spectrum (4). This fact, together with our results dis-
cussed in the previous sections led us to conclude that both
measurements have their merits. Real- and reciprocal-space
number variance measurements complement each other and
should be used together to assess the hyperuniformity of a
given experimental system correctly.

We believe that the physical reason for the agreement of our
dual approach on the system’s hyperuniformity is the mutual
coupling of the entire system, as pointed out in the previ-
ous sub-section. Further, the positive structure factor value for
small k values is likely due to the Brownian motion of the parti-
cles and structural defects produced by their random collisions
in our experiment.

We tested both of these hypotheses with numerical sim-
ulations. The results are presented in !gure 10. A dynamic
Lindemann parameter map of the experimental frame at
t = 28 min (frame #25184), the corresponding scaled num-
ber variance curves, and the structure factor are shown
in !gure 10(a). The real- and reciprocal-space calculations
point to a class I and class II hyperuniform states, respec-
tively with S (k → 0) ∼ 0.105. In !gure 10(b), we show the
same analyses for a simulated stealthy hyperuniform struc-
ture exhibiting class I hyperuniformity with S (k → 0) = 0.
Next, we introduce Brownian noise to each particle in the
stealthy con!guration (!gure 10(c)), for which the number
variance curves indicate a class II hyperuniform state with

S (k → 0) ∼ 0.09. Noticeably, the peaks at k > 5 vanish, point-
ing to the presence of only short-range interparticle corre-
lations. We then introduce several structural defects without
the Brownian noise (!gure 10(d)), which, again, results in a
class II hyperuniform state with S (k → 0) ∼ 0.128. Lastly, we
include both Brownian motion and structural defects (!gure
10(e)). The system exhibits a class II hyperuniformity with
S (k → 0) ∼ 0.099. The corresponding structure factor graph
similarly indicates short-range interparticle correlations as
in !gure 10(c).

We believe the Brownian motion of the particles and the
structural defects produced by their collisions is suf!cient to
explain the positive structure factor for small k that we observe
experimentally. We also showed that the structure factor of the
experiment showing oscillating peaks indicating long-range
particle correlations, which are likely preserved thanks to the
nonlocal interactions ensured by the "ow !elds.

4. Conclusions

The experimental study presented here is uniquely different
from previous experimental and numerical studies in several
key aspects.

Firstly, almost all reported studies started from a disor-
dered non-hyperuniform con!guration that converged to a
hyperuniform structure by transitioning from an active to an
absorbing state, and in some cases to an active steady state
[6, 7, 24–40]. On the contrary, our experiments started from
an ordered state, which transitioned to a series of disordered
hyperuniform states. The particles were always active and con-
tinuously colliding with each other. Our system was never
jammed, nor did it converge to absorbing or active steady
states.

Secondly, our system experienced numerous random exter-
nal perturbations and was subjected to strong inhomogeneities.
The particle con!gurations changed continuously, and each
con!guration was analysed with a single measurement (no
ensemble averaging was performed).

Next, the particle positions and velocities are mutually cou-
pled to the "uid "ow through an internal feedback mecha-
nism. We postulate that this feedback mechanism renders the
system’s hyperuniformity robust against otherwise detrimen-
tal effects such as, imperfections, noise, "uctuations, random
perturbations, and inhomogeneities.

Lastly, we analysed all these conditions on-the-"y together
with their impact on the system’s hyperuniformity by utiliz-
ing a comprehensive computational toolbox. This allowed us
to show, for the !rst time, the real-time dynamic evolution of
hyperuniformity in a driven dissipative system. Further, it pro-
vided the evidence of a prolonged hyperuniformity in a driven
dissipative system even long after the external energy input has
been removed.

We speculate that the potential role of these internal feed-
back mechanisms on the hyperuniformity may not be limited
to our speci!c system, but it may be commonly encountered
in other driven dissipative systems.
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Figure 11. (a) Time-lapse microscope images show the changes in particle con!guration while the crystal is disassembling. The image
frames are coloured according to their hyperuniformity state as indicated in the colour-bar. (b) Local and (c) scaled number variance graphs
calculated through real-space sampling. The curves are colour-coded according to the colour-bar to describe their hyperuniformity state.
Graph legends indicate the curve !tting functions.
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Figure 12. A screenshot of the toolbox showing its components: the 1st row shows from left to right the microscope image, dynamic
Lindemann parameter map, and the plot showing time evolution of the packing fraction. The 2nd row shows from left to right the particle
speed map, particle velocity map, the Fourier and reciprocal-space images. The 3rd row shows from left to right the plots of local and scaled
number variances, and the static structure factor.
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Figure 13. The detection output at different stages of three randomly selected frames (a)–(c). The 1st row shows the original video frames.
The 2nd row shows the processed frames after gray-level adjustment and the dilation operators. The 3rd row shows the detection results as
red circles overlaying the original video frames. The red circles are numerically stored as the centers of the detected particles.
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Figure 14. Plot showing the time evolution of the packing fraction.
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Figure 15. Graphs show log–log plots of local number (top) and scaled volume (bottom) fraction variance curves for (a) the experimental
frames shown in !gures 3(a) and (b) for the numerically simulated hexagonal lattice to which several lattice defects are introduced with
increasing percentages. The dashed straight lines shown in the graphs correspond to a theoretical class I (red) and class III (pink)
hyperuniform states. Experimental number and volume fraction variance curves shown in (a) gives similar estimation of hyperuniformity for
a given con!guration. However, local volume fraction calculations seem to be more sensitive to the structural defects present in the system.
The con!rmation is provided through numerical simulations (b), where local number and volume fraction variance are calculated in the
presence of structural defects with varying degrees.

Figure 16. The plots show real- and reciprocal-space local number variance measurements for different 1D simulation cases agree. The
reciprocal-space measurements are done after setting the 1st and 2nd values of the static structure factor equal to the third value. To
appreciate the difference between the real- and reciprocal-space number variance curves, we normalized all curves to have their maximum
value equal to 1. For all systems, the size and the maximum observation window radius are set to be L = 10 000 and Rmax = 20. The
simulated point distributions represent (a) a periodic lattice of N = 5000 points, (b) a Fibonacci quasicrystal with N = 4182 points, (c) the
distribution of N = 254 eigenvalues (10% interval of the central eigenvalues) of a single 2000 × 2000 random matrix from a Gaussian
unitary ensemble (GUE), and (d) uniform random distribution of N = 5000 points along a line. Fitting functions are given in the legends,
where the number variance is known to be constant for (a) and (b) for which a running average was used. The !ts for (c) and (d) are
optimized to be proportional to ln(R), R1–α, or R for class II, III, or non-hyperuniform states, respectively.
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Figure 17. The plots show real- and reciprocal-space local number variance measurements for different 2D simulation cases agree. The
reciprocal-space measurements are done after setting the 1st and 2nd values of the structure factor equal to the 3rd value. To appreciate the
difference between the real- and reciprocal-space number variance curves, we normalized all curves to have their maximum value equal to
1. For all systems, the side length, maximum observation window radius, and the number of points are set as L = 150, Rmax = 20, and N =
5625 (except for (d) in which the number of points is set as N = 5000). The simulated point distributions represent (a) a square lattice with a
lattice parameter size Lc = 2, (b) and (c) the same square lattice as in (a) with additional perturbations in the form of a random displacement
applied to every point. The displacement is sampled from a Cauchy distribution (expected to result in class II) with γ = 0.5 Lc for (b), and
from a Pareto distribution (expected to result in class III) with scaling parameter xm = 1/6 Lc and shape parameter a = 2/3 for (c) and (d) the
random uniform distribution of points. Fitted functions are given in the legends, where the optimal !t is found to be proportional with either
R, R ln(R), R2–α, or R2, corresponding to class I, II, III, or non-hyperuniform states, respectively.
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Figure 18. Fourier and reciprocal space images, and the static structure factor measurements of the selected frames presented in !gure 3.
The frame numbers and the corresponding times are given in the leftmost column. According to the colour-bar, the labels are colour-coded,
which is given in !gure 3.
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Figure 19. (a) The pictorial representation of !eld of views (FOVs) with different sizes for the particle con!guration seen at time
t = 43.8 min and frame # 39440. The side length of the square !elds of view are speci!ed on each !gure. The blue square is the FOV used in
the original manuscript. (b) The pictorial representation shows division of the original FOV of 720 × 720 pixels to four nonintersecting
FOVs with 360 × 360 pixels for the particle con!guration seen at time t = 43.8 min and frame # 39440.
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Figure 20. Dynamic Lindemann map (left), reciprocal-space image (middle), and the static structure factor calculations (right) for (a) the
initial con!guration of the experimental system before the laser is turned on for the !rst time, and (b) the !nal con!guration of the
experimental system (frame # 61425). The static structure factor and the reciprocal space images for initial con!guration indicates a random
non-hyperuniform con!guration. On the contrary, a dark disk-like region at the centre of the reciprocal space, which is translated into a drop
in the value of the structure factor for the !nal video frame along with the data shown in table 2 points to a weak, remnant hyperuniformity.

Table 3. Best-!t function and !tting parameters of the real- and reciprocal-space number variance curves are provided for the additional
experiment shown in appendix !gure 11.

Time Frame # # Particles Real-Space Reciprocal-Space

Best !tting function R-squared value RMSE Best !tting function R-squared value RMSE

17.6 min 15795 2055 0.814R 0.810 1.08 0.631R ln(R) 0.985 0.516
26.4 min 23779 2059 0.699R 0.779 0.974 0.522R ln(R) 0.982 0.456
27.9 min 25117 2014 0.488R ln(R) 0.925 0.877 0.559R ln(R) 0.990 0.361
29.0 min 26067 1930 0.0676R2.77 0.997 0.635 0.299R2 0.998 0.372
32.3 min 29105 1717 0.0219R3.48 0.997 1.04 0.534R2 0.993 1.30
35.6 min 32067 1587 0.0302R3.24 0.997 0.774 0.299R2 0.998 0.315
40.1 min 36067 1494 0.0102R3.61 0.992 1.02 0.320R2 0.999 0.308
44.9 min 40391 1431 0.0216R3.31 0.996 0.765 0.319R1.85 0.999 0.0681
48.2 min 43391 1374 0.0446R2.77 0.994 0.580 0.588R ln(R) 0.999 0.122
49.4 min 44391 1342 0.817R 0.962 0.378 1.09R ln(R) 0.993 0.597
50.0 min 44991 1312 0.392R ln(R) 0.956 0.474 0.680R ln(R) 0.998 0.204
50.1 min 45081 1317 0.798R 0.970 0.374 0.605R ln(R) 0.997 0.204
52.3 min 47056 1184 0.144R2.34 0.992 0.751 0.376R1.94 0.999 0.132
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